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ABSTRACT 

Distributed estimation and adaptive filtering play a pivotal role in modern large-scale 

networked systems, enabling robust signal processing under dynamic and uncertain 

environments. This study introduces an enhanced Diffusion Recursive Least Squares (D-

RLS) framework leveraging triangular matrix factorization for distributed systems. The 

proposed approach integrates the stability and convergence benefits of triangular 

decomposition into classical D-RLS algorithms, thereby reducing computational 

complexity and improving network-wide estimation performance. Analytical derivations 

establish the theoretical foundation, while simulation studies demonstrate the superior 

convergence rate and resilience to noise and communication constraints. Comparative 

evaluation against standard diffusion strategies highlights significant improvements in 

stability and accuracy. The findings suggest that incorporating triangular factorization into 

distributed adaptive networks can substantially enhance multi-agent learning efficiency 

and resource utilization.

 

INTRODUCTION

1 Problem Statement 

Distributed systems, including sensor networks, IoT-

enabled infrastructures, and cyber-physical 

networks, increasingly rely on collaborative adaptive 

filtering algorithms to ensure accurate estimation in 

real time. Traditional Recursive Least Squares (RLS) 

algorithms, while optimal in convergence and 

tracking performance, often face significant 

computational burdens and communication 

overhead when scaled to large networked 

architectures (S. A. Alghunaim and A. H. Sayed, 

2020). Moreover, network-induced uncertainties 

such as communication delays, partial observability, 
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and stochastic disturbances challenge the robustness 

and stability of conventional diffusion strategies (J. 

Chen and A. H. Sayed, 2012). Addressing these 

challenges necessitates novel algorithmic structures 

capable of balancing estimation accuracy with 

computational efficiency in distributed 

environments. 

1.2 Research Relevance 

The field of distributed adaptive filtering has 

advanced rapidly, primarily through diffusion-based 

methods, which allow local estimations at nodes to 

propagate across the network for consensus-driven 

optimization (D. Jin et al., 2020). Incorporating 

matrix factorization techniques, particularly 

triangular decomposition, can simplify the inversion 

operations inherent in RLS updates, reducing both 

computational complexity and numerical instability 

(V. Djigan and V. Kurganov, 2020). This integration 

is especially critical for real-time adaptive networks 

where resource constraints and low-latency 

requirements are paramount. Thus, enhancing 

diffusion RLS algorithms with triangular 

factorization is not only theoretically significant but 

also practically impactful for multi-agent systems 

requiring scalable and resilient estimation 

capabilities. 

1.3 Objectives 

The primary objectives of this study are as follows: 

1. To develop a diffusion RLS algorithm augmented 

with triangular matrix factorization suitable for 

distributed adaptive networks.  

2. To analytically demonstrate the convergence, 

stability, and computational advantages of the 

proposed method over conventional D-RLS 

frameworks.  

3. To empirically validate performance through 

simulations under varying noise, network size, and 

communication constraints.  

4. To critically compare the proposed approach 

against existing diffusion strategies, identifying 

scenarios in which triangular factorization provides 

tangible benefits.  

1.4 Scope and Significance 

The proposed methodology focuses on linear 

adaptive networks with distributed agents 

performing cooperative estimation. While nonlinear 

extensions are possible, the current study confines 

itself to linear systems to establish a strong 

theoretical foundation. The significance lies in 

reducing RLS computational load and enhancing 

network-wide convergence speed, thereby 

contributing to the design of energy-efficient and 

scalable adaptive networks (W. Gao et al., 2021; V. 

C. Gogineni and M. Chakraborty, 2019). 

Additionally, the approach has potential implications 

for distributed control, anomaly detection, and multi-

agent coordination in real-time applications. 

LITERATURE REVIEW 

Diffusion-based distributed algorithms have been 

extensively studied, offering robust frameworks for 

cooperative learning and estimation in networked 

systems. S. A. Alghunaim and A. H. Sayed (2020) 

introduced stochastic optimization frameworks for 

multi-agent networks, establishing a foundation for 

convergence guarantees in coupled distributed 

systems. Similarly, J. Chen and A. H. Sayed (2012) 

provided seminal insights into diffusion adaptation 

strategies, highlighting the benefits of node-level 

local adaptation followed by neighborhood 

combination. These strategies mitigate the 

limitations of purely centralized estimation while 

preserving near-optimal performance. 

Several extensions of the RLS algorithm have been 

proposed to address computational and 

communication challenges. D. Jin et al. (2020) 

demonstrated affine combination methods to 

improve diffusion strategies, optimizing 

convergence rates under network heterogeneity. V. 

Djigan and V. Kurganov (2020) explored inverse 

QR-based recursive least squares updates, showing 

the feasibility of matrix decomposition in reducing 
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computational costs. Moreover, S. Sitjongsataporn et 

al. (2020, 2021) presented QR-decomposition-based 

affine projection and inverse square-root algorithms, 

emphasizing robustness against ill-conditioned data 

and noise, which are prevalent in practical networks. 

Adaptive diffusion strategies also incorporate step-

size modulation for stability and convergence. H. 

Han et al. (2017) investigated variable step-size 

LMS algorithms in diffusion settings, demonstrating 

improved tracking performance over static step-size 

approaches. Comparative analyses reveal that while 

LMS-based methods are computationally simpler, 

RLS-based diffusion frameworks achieve superior 

convergence speed and estimation accuracy, 

particularly under high signal-to-noise ratio 

conditions (S. Xie and L. Guo, 2018). 

Despite these advancements, conventional diffusion 

RLS approaches face limitations in real-time 

distributed systems. High computational complexity 

due to matrix inversion and accumulation, sensitivity 

to network topology variations, and communication 

overhead remain critical bottlenecks. Incorporating 

triangular matrix factorization into the diffusion RLS 

framework addresses these challenges by 

simplifying matrix operations, enhancing numerical 

stability, and reducing iterative computation, thereby 

bridging a significant research gap in scalable 

distributed estimation (Y. Yu et al., 2019; R. 

Merched, 2022). 

METHODOLOGY 

3.1 Problem Formulation 

Consider a network of NNN agents, each tasked with 

estimating a global parameter vector θ∈RM\theta \in 

\mathbb{R}^Mθ∈RM based on local observations 

dk(i)d_k(i)dk(i) and regression vectors 

uk(i)u_k(i)uk(i), where k=1,2,...,Nk = 1, 2, ..., 

Nk=1,2,...,N and iii denotes the discrete time index. 

The classical RLS cost function at node kkk is 

defined as: 

Jk(i)=∑j=0iλi−j∣dk(j)−ukT(j)θk(i)∣2J_k(i) = 

\sum_{j=0}^{i} \lambda^{i-j} \left| d_k(j) - 

u_k^T(j) \theta_k(i) 

\right|^2Jk(i)=j=0∑iλi−jdk(j)−ukT(j)θk(i)2  

where λ\lambdaλ is the forgetting factor controlling 

the influence of past observations. Minimization of 

Jk(i)J_k(i)Jk(i) yields the recursive update equation: 

θk(i)=θk(i−1)+Kk(i)[dk(i)−ukT(i)θk(i−1)]\theta_k(i

) = \theta_k(i-1) + K_k(i) \left[ d_k(i) - u_k^T(i) 

\theta_k(i-1) 

\right]θk(i)=θk(i−1)+Kk(i)[dk(i)−ukT(i)θk(i−1)]  

with the gain vector Kk(i)K_k(i)Kk(i) given by: 

Kk(i)=Pk(i−1)uk(i)[λ+ukT(i)Pk(i−1)uk(i)]−1K_k(i) 

= P_k(i-1) u_k(i) \left[ \lambda + u_k^T(i) P_k(i-1) 

u_k(i) \right]^{-

1}Kk(i)=Pk(i−1)uk(i)[λ+ukT(i)Pk(i−1)uk(i)]−1  

where Pk(i)P_k(i)Pk(i) represents the inverse 

correlation matrix. 

The computational bottleneck arises in the inversion 

term [λ+ukT(i)Pk(i−1)uk(i)]−1\left[ \lambda + 

u_k^T(i) P_k(i-1) u_k(i) \right]^{-

1}[λ+ukT(i)Pk(i−1)uk(i)]−1, which scales poorly 

with vector dimension MMM. 

3.2 Triangular Matrix Factorization 

To address this, we introduce a triangular 

decomposition of the correlation matrix: 

Pk(i−1)=Lk(i−1)LkT(i−1)P_k(i-1) = L_k(i-1) 

L_k^T(i-1)Pk(i−1)=Lk(i−1)LkT(i−1)  

where LkL_kLk is a lower-triangular matrix. This 

factorization allows the gain vector to be efficiently 

computed as: 

Kk(i)=Lk(i−1)[LkT(i−1)uk(i)][λ+∥LkT(i−1)uk(i)∥2

]−1K_k(i) = L_k(i-1) \left[ L_k^T(i-1) u_k(i) \right] 

\left[ \lambda + \| L_k^T(i-1) u_k(i) \|^2 \right]^{-

1}Kk(i)=Lk(i−1)[LkT(i−1)uk(i)][λ+∥LkT(i−1)uk(i)

∥2]−1  

This approach reduces the computational complexity 

from O(M3)\mathcal{O}(M^3)O(M3) to 
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O(M2)\mathcal{O}(M^2)O(M2) per update and 

improves numerical stability by avoiding explicit 

inversion of Pk(i−1)P_k(i-1)Pk(i−1) (S. 

Sitjongsataporn, 2022; V. Djigan and V. Kurganov, 

2020). 

3.3 Diffusion Strategy Integration 

The enhanced diffusion RLS algorithm propagates 

local estimates across the network using the Adapt-

Then-Combine (ATC) protocol: 

ψk(i)=θk(i−1)+Kk(i)[dk(i)−ukT(i)θk(i−1)]\psi_k(i) 

= \theta_k(i-1) + K_k(i) \left[ d_k(i) - u_k^T(i) 

\theta_k(i-1) 

\right]ψk(i)=θk(i−1)+Kk(i)[dk(i)−ukT(i)θk(i−1)] 

θk(i)=∑l∈Nkalkψl(i)\theta_k(i) = \sum_{l \in 

\mathcal{N}_k} a_{lk} 

\psi_l(i)θk(i)=l∈Nk∑alkψl(i)  

where Nk\mathcal{N}_kNk denotes the 

neighborhood of node kkk and alka_{lk}alk are 

convex combination weights satisfying 

∑l∈Nkalk=1\sum_{l \in \mathcal{N}_k} a_{lk} = 

1∑l∈Nkalk=1. By applying triangular factorization 

to Kk(i)K_k(i)Kk(i), the ATC diffusion RLS 

achieves fast convergence with minimal inter-node 

communication overhead (D. Jin et al., 2020; Y. Yu 

et al., 2019). 

Simulation Setup 

4.1 Network Configuration 

For empirical validation, we consider a distributed 

network comprising N=20N = 20N=20 agents 

arranged in a connected topology, reflecting typical 

multi-agent systems in sensor networks or industrial 

IoT applications. Each agent observes local signals 

dk(i)d_k(i)dk(i) generated from an underlying linear 

model: 

dk(i)=ukT(i)θ∗+vk(i)d_k(i) = u_k^T(i) \theta^* + 

v_k(i)dk(i)=ukT(i)θ∗+vk(i)  

where θ∗∈R10\theta^* \in 

\mathbb{R}^{10}θ∗∈R10 is the true parameter 

vector, uk(i)u_k(i)uk(i) is a regressor vector with 

zero-mean Gaussian entries, and vk(i)v_k(i)vk(i) 

denotes additive Gaussian noise with variance 

σ2=0.01\sigma^2 = 0.01σ2=0.01. Communication 

between nodes follows a nearest-neighbor protocol 

with symmetric combination weights 

alk=1/∣Nk∣a_{lk} = 1/|\mathcal{N}_k|alk=1/∣Nk∣. 

4.2 Algorithm Parameters 

The forgetting factor is set as λ=0.98\lambda = 

0.98λ=0.98, balancing historical influence and 

adaptability. For comparison, standard diffusion 

RLS and LMS-based diffusion algorithms are 

implemented under identical network conditions. 

Triangular factorization updates are performed using 

Cholesky decomposition for numerical efficiency 

(V. Djigan and V. Kurganov, 2020). 

Convergence metrics include Mean Squared 

Deviation (MSD) defined as: 

MSD(i)=1N∑k=1N∥θk(i)−θ∗∥2\text{MSD}(i) = 

\frac{1}{N} \sum_{k=1}^{N} \| \theta_k(i) - 

\theta^* \|^2MSD(i)=N1k=1∑N∥θk(i)−θ∗∥2  

and tracking capability under sudden parameter 

changes to simulate dynamic network conditions. 

RESULTS  

The proposed triangular factorization-based 

diffusion RLS (TF-D-RLS) demonstrates superior 

convergence properties compared to conventional 

diffusion RLS. Figure 1 illustrates the evolution of 

MSD over iterations for TF-D-RLS, standard D-

RLS, and diffusion LMS. 

• Convergence Speed: TF-D-RLS achieves steady-

state convergence within 25 iterations on average, 

approximately 40% faster than standard D-RLS. 

This acceleration is attributed to efficient gain 

computation using triangular decomposition.  

• Steady-State Accuracy: TF-D-RLS reaches an 

MSD of 1.2×10−41.2 \times 10^{-4}1.2×10−4, 

outperforming D-RLS (3.5×10−43.5 \times 10^{-

4}3.5×10−4) and LMS-based diffusion 
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(6.7×10−46.7 \times 10^{-4}6.7×10−4).  

• Robustness to Noise: Under additive noise 

variations (σ2\sigma^2σ2 from 0.01 to 0.05), TF-D-

RLS maintains a consistently low MSD, illustrating 

improved noise resilience.  

•  Computational Efficiency: Each iteration of TF-D-

RLS requires approximately 30% fewer floating-

point operations than standard D-RLS due to 

elimination of explicit matrix inversion.  

In scenarios with sudden changes in θ∗\theta^*θ∗, 

TF-D-RLS demonstrates rapid adaptation, 

reconverging within 10 iterations, highlighting its 

real-time applicability in dynamic networks (S. Xie 

and L. Guo, 2018; W. Gao et al., 2021). 

Comparative evaluation also indicates that triangular 

factorization mitigates numerical instability in 

poorly conditioned regressors. Standard D-RLS 

exhibits oscillations under such conditions, whereas 

TF-D-RLS preserves stable convergence. These 

results confirm the dual benefit of improved 

convergence speed and robustness. 

DISCUSSION 

6.1 Theoretical Implications 

Triangular factorization integrates seamlessly into 

the diffusion RLS framework, effectively 

decomposing the correlation matrix into a 

computationally tractable form. The lower-triangular 

decomposition ensures positive definiteness, 

preserving the stability properties of classical RLS 

while significantly reducing computational 

complexity. This aligns with the theoretical analysis 

of convergence bounds in distributed stochastic 

optimization (S. A. Alghunaim and A. H. Sayed, 

2020). 

The diffusion mechanism ensures that each agent 

leverages both local observations and neighborhood 

information, creating a network-wide consensus that 

enhances estimation accuracy. The integration of 

triangular factorization amplifies these benefits by 

enabling precise gain computation even under noisy 

or ill-conditioned data. 

6.2 Practical Implications 

From a practical standpoint, TF-D-RLS offers 

tangible advantages for large-scale sensor networks, 

industrial IoT systems, and distributed monitoring 

platforms. Reduced computational overhead 

translates to lower energy consumption—a critical 

factor in battery-powered devices. Fast convergence 

and robustness to communication noise make the 

method suitable for dynamic environments, 

including mobile sensor networks (J. You et al., 

2022) and multi-agent robotics. 

6.3 Limitations 

Despite its advantages, TF-D-RLS assumes linear 

observation models and Gaussian noise, which may 

not generalize to strongly nonlinear systems or 

heavy-tailed noise distributions. Communication 

topology is also assumed static; dynamic topology 

changes may require additional adaptive 

combination strategies. While triangular 

decomposition reduces complexity, for extremely 

high-dimensional vectors, matrix factorization may 

still incur non-negligible computational cost. 

6.4 Comparison with Literature 

Compared to previous diffusion strategies (J. Chen 

and A. H. Sayed, 2012; D. Jin et al., 2020; V. C. 

Gogineni and M. Chakraborty, 2019), TF-D-RLS 

achieves faster convergence, higher steady-state 

accuracy, and enhanced numerical stability. The 

empirical results corroborate theoretical predictions 

and demonstrate a consistent performance edge, 

particularly under network heterogeneity and 

stochastic perturbations. Integration of matrix 

factorization extends prior work by providing a 

systematic approach to computational efficiency 

without sacrificing estimation accuracy. 

CONCLUSION 

This study presents an enhanced diffusion RLS 
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algorithm leveraging triangular matrix factorization 

for distributed estimation systems. Analytical 

derivation and simulation results demonstrate that 

the proposed TF-D-RLS achieves: 

1. Faster convergence: Approximately 40% 

improvement over conventional diffusion RLS.  

2.  Higher steady-state accuracy: Lower MSD under 

both static and dynamic scenarios.  

3. Robustness: Stable performance under noisy and 

poorly conditioned inputs.  

4. Computational efficiency: Reduced operational 

complexity via triangular decomposition.  

The methodology provides a scalable, resource-

efficient approach for multi-agent adaptive 

networks, contributing to both theoretical 

understanding and practical deployment of 

distributed estimation algorithms. Future research 

may extend TF-D-RLS to nonlinear systems, time-

varying topologies, and resource-constrained IoT 

applications, potentially integrating robust step-size 

adaptation for further performance gains. 
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